Abstract. We study a pointwise inequality for submanifolds in real space forms involving the scalar curvature, the normal scalar curvature and the mean curvature, which is up to now only proven in some special cases. We translate it to an algebraic problem, allowing us to prove a slightly weaker version of it. Further we improve the classification of codimension 2-immersions realizing the equality at every point, and we prove the inequality for some classes of Lagrangian submanifolds of C n .
Introduction
In this article we study an inequality involving the scalar curvature, the mean curvature and the normal scalar curvature of a submanifold of a real space form. In 1983, Guadelupe and Rodriguez proved the following: Remark that this is an extension of the well-known inequality K ≤ H 2 for surfaces in E 3 .
Now consider a submanifold of a real space form of arbitrary dimension and codimension. Since the (normalized) scalar curvature ρ is the higher-dimensional analogue of the Gaussian curvature K and the (normalized) normal scalar curvature ρ ⊥ that of K ⊥ , one could conjecture the following:
Conjecture 1 ( [6] ). Let M n be a submanifold of a real space form M n+m (c) of constant sectional curvature c. Denote by ρ the normalized scalar curvature, by H the mean curvature vector and by ρ ⊥ the normalized normal scalar curvature. Then (1) ρ ≤ H 2 − ρ ⊥ + c.
For normally flat submanifolds, in particular for hypersurfaces, inequality (1) follows from a more general result of Chen ([2] ). In particular, we have for any submanifold M n of a real space form M n+m (c):
Moreover, the conjecture was proven for immersions with codimension 2 in [6] , for immersions which are invariant with respect to the standard Kählerian and Sasakian structures on E 2k and S 2k+1 (1) respectively in [8] and for immersions which are totally real with respect to the nearly Kähler structure on S 6 (1) in [7] . In section 3 we will translate the conjecture to an algebraic problem involving symmetric matrices, followed by a proof of a weaker version. In section 4 we give a description of immersions with codimension 2 which realize the equality in (1) , that improves the one given in [6] . In particular, we prove that these immersions are minimal or totally umbilical. In section 5 we will prove the conjecture for H-umbilical Lagrangian submanifolds of
for minimal Lagrangian submanifolds of C 3 ∼ = E 6 and for ultra-minimal Lagrangian submanifolds of C 4 ∼ = E 8 .
Preliminaries
Let M n be a Riemannian manifold of dimension n with Levi-Civita connection ∇ and RiemannChristoffel curvature tensor R. If {e 1 , . . . , e n } is an orthonormal basis for T p M , then we define the normalized scalar curvature of M n at p by
R(e i , e j )e j , e i .
Now let M
n+m be another Riemannian manifold with Levi-Civita connection ∇ and RiemannChristoffel curvature tensor R and let f : M n → M n+m be an isometric immersion. Then we have the formulas of Gauss and Weingarten, which state that for vector fields X and Y tangent to M n and for a normal vector field U , one has
where h is a symmetric (1,2)-tensor field, taking values in the normal bundle, called the second fundamental form, and A U is a symmetric (1,1)-tensor field, called the shape-operator associated to U . ∇ ⊥ is a connection in the normal bundle and we denote it's curvature tensor by R ⊥ . The equations of Gauss and Ricci are then given by
for tangent vectors X, Y , Z and T and normal vectors U and V .
Let {e 1 , . . . , e n } be as above and suppose that {u 1 , . . . , u m } is an orthonormal basis for T ⊥ p M . Then we define the normalized normal scalar curvature of M n at p by
which corresponds to the definition proposed in [6] . Another extrinsic curvature invariant that we will use is the mean curvature vector of the submanifold at p:
h(e i , e i ).
A translation of the problem
From now on, we use the following convention: if A and B are (n × n)-matrices, we define A, B = tr(A t · B). The associated norm is then given by
The scalar product, and hence the norm are preserved by orthogonal transformations.
3.1. The translation. The following theorem reduces conjecture 1 to an inequality involving symmetric (n × n)-matrices. 
Proof. Let M n be a submanifold of M n+m (c). Take p ∈ M n and suppose that {e 1 , . . . , e n } is an orthonormal basis for T p M and that {u 1 , . . . , u m } is an orthonormal basis for T ⊥ p M . In summations, Latin indices will always range from 1 to n, whereas Greek indices range from 1 to m. Further, we use the notations introduced in the previous section.
We define a symmetric (1, 2)-tensor b, taking normal values, by
Now we define a set {B 1 , . . . , B m } of symmetric operators on T p M by
Using the equation of Gauss (6) and (11), we find
and thus
From the equation of Ricci (7) and (12), we get
We conclude that
3.2.
Proof of a weaker version of the inequality. First, we recall two inequalities.
with equality if and only if B 1 = B 2 = 0 or, after a suitable orthogonal transformation,
We will use these inequalities to proof the following, weaker version of conjecture 1:
n 2 +n−3
Proof. Define the matrices B α as in the proof of theorem 5. After a suitable orthogonal transformation, we may assume that B α , B β = B α 2 δ αβ . The inequality of Cauchy-Schwarz yields 
This inequality, together with lemma 1 and theorem 3 gives
which yields the first inequality stated in the theorem. To prove the second one, remark that we may replace m by the dimension of the image of b. The result follows from the observation dim(im(b)) ≤ n(n+1) 2 − 1.
Immersions with codimension two
As mentioned in the introduction, conjecture 1 is proven in [6] for the case m = 2:
Moreover equality holds at p if and only if there exists an orthonormal basis {e 1 , . . . , e n } of T p M and an orthonormal basis
In this section, we will first give an alternative proof for this theorem, using theorem 2, and then we will improve the description of the submanifolds realizing the equality at every point.
Alternative proof of theorem
and B 2 as in the proof of theorem 2. Then by lemma 1
with equality if and ony if, after a suitable orthogonal transformation B 1 and B 2 take the forms described in (13), with µ 1 = µ 2 = µ. Now we have that the shape-operators of the immersion have the form (15).
We will now prove the following:
We will use the following lemma, proven in [6] :
n and assume H(p) = 0 and ρ ⊥ (p) = 0. Then on a neighbourhood of p there exist an orthonormal tangent frame {E 1 , . . . , E n } and an orthonormal normal frame {U 1 , U 2 } such that
The proof of this lemma makes use of the equation of Codazzi. In order to prove theorem 6, we will combine this result with the equations of Gauss and Ricci.
Proof of theorem 6. Choose an arbitrary p ∈ M n and remark that it is sufficient to prove that λ(p)µ(p) = 0. We will prove that the assumption λ(p)µ(p) = 0 leads to a contradiction. The assumption implies that H(p) = 0 and ρ ⊥ (p) = 0, so the frame fields described in lemma 2 do exist on a neighbourhood V of p. We introduce functions {a t rs : V → R | r, s, t = 1 . . . n}, satisfying
Since the vector fields E 1 , . . . , E n are orthonormal, we have a t rs = −a s rt , in particular a s rs = 0. Fix k ∈ {3, . . . , n}. We may assume that λµ = 0 on V , so lemma 2 yields:
The left-hand side can be computed using the formulas above: 
The left-hand side is
On the other hand,
which implies, by an analoguous calculation
Summing up equations (19) and (21) gives
Now combining the results from Ricci's equation (17) and Gauss' equation (22) yields λµ = 0, which is a contradiction with our assumption.
Lagrangian submanifolds
In this section, we prove conjecture 1 for three families of Lagrangian submanifolds, namely for H-umbilical Lagrangian submanifolds of C n ∼ = E 2n , for minimal Lagrangian submanifolds of C 3 ∼ = E 6 and for ultraminimal Lagrangian submanifolds of
Recall that a submanifold M of a Kählerian manifold M 2n is called Lagrangian if at every point the almost complex structure J of M 2n induces an isomorphism between T p M and T ⊥ p M . In particular dim(M ) = n. The second fundamental form satisfies the following symmetry property:
for X, Y, Z ∈ T p M .
H-umbilical
Lagrangian immersions in C n . It was proven in [4] that there are no totally umbilical Lagrangian submanifolds in complex space forms, except totally geodesic ones. H-umbilical Lagrangian submanifolds are introduced in [3] as the 'simplest' Lagrangian submanifolds next to totally geodesic ones. Their second fundamental form satisfies
for some suitable functions λ and µ and a suitable orthonormal local frame field {E 1 , . . . , E n } on M n .
We prove the following:
with equality at every point if and only if M n is totally geodesic.
Proof. From (24) the form of the shape-operators is easily deduced. We now use theorem 2. Defining the matrices B α as in the proof of that theorem, we easily see that
The last inequality is satisfied for every λ and µ since the bilinear form 2nx 2 − 4 n xy + 
with respect to this basis.
Proof. Let M 3 be a minimal Lagrangian submanifold of C 3 . Take p ∈ M 3 and consider the function
Take e 1 ∈ T p M such that f attains its maximum value in e 1 . Then h(e 1 , e 1 ), JY = 0 for every Y ⊥ e 1 . Using (23), this implies that e 1 is an eigenvector of A Je1 . Choosing e 2 and e 3 such that {e 1 , e 2 , e 3 } is an orthonormal basis for T p M which diagonalizes A Je1 , we have that the shapeoperators take the following form:
We now compute ρ, using Gauss' equation:
R(e i , e j )e j , e i = 3 i<j=1 ( h(e i , e i ), h(e j , e j ) − h(e i , e j ), h(e i , e j ) )
The computation of ρ ⊥ using Ricci's equation is completely analoguous to that in [7] , yielding
Using the same argument as in [7] , we obtain that 9(ρ ⊥ ) 2 ≤ (3ρ) 2 , which implies the inequality stated in the theorem, since ρ ≤ 0 from (2). Equality holds if and only if c = d = 0 and ab = 0. By, if necessary, changing the role of e 2 and e 3 , we obtain the result.
We can extend the previous theorem to 3-dimensional Lagrangian submanifolds of complex space forms. For a complex space form of constant holomorphic sectional curvature 4c, the curvature tensor takes the form
This implies that for a Lagrangian immersion in such a space, the equations of Gauss and Ricci read respectively:
An analoguous computation as in the proof of the previous theorem now yields the following:
Theorem 9. Let M 3 be a minimal Lagrangian submanifold of a complex space form of constant holomorphic sectional curvature 4c. Then In [8] an analoguous inequality relating ρ and ρ ⊥ is obtained for complex submanifolds of complex space forms. Proof. Since M 4 is ultra-minimal, there are two cases to consider, namely n 1 = n 2 = 2 and n 1 = 3, n 2 = 1.
In the first case, using the symmety conditions for Lagrangian immersions, we obtain that 
